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MODULI OF ℓ-ADIC PRO-ÉTALE LOCAL SYSTEMS FOR SMOOTH NON-PROPER SCHEMES
JORGE ANTÓNIO
ABSTRACT. Let X be a smooth scheme over an algebraically closed field. When X is proper, it was proved in [1] that the
moduli of ℓ-adic continuous representations of πét
1
(X), LocSysℓ,n(X), is representable by a (derived) Qℓ-analytic space.
However, in the non-proper case one cannot expect that the results of [1] hold mutatis mutandis. Instead, assuming ℓ is
invertible in X , one has to bound the ramification at infinity of those considered continuous representations.
The main goal of the current text is to give a proof of such representability statements in the open case. We also extend
the representability results of [1]. More specifically, assuming X is assumed to be proper, we show that LocSysℓ,n(X)
admits a canonical shifted symplectic form and we give some applications of such existence result.
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1. INTRODUCTION
1.1. The goal of this paper. LetX be a smooth scheme over an algebraically closed field k of positive characteristic
p > 0. Without the properness assumption the étale homotopy group πét1 (X) fits in a short exact sequence of profinite
groups
(1.1) 1→ πw1 (X)→ π
ét
1 (X)→ π
tame
1 (X)→ 1,
where πw1 (X) and π
tame
1 (X) denote the wild and tame fundamental groups of X , respectively. One can prove that
the profinite group πtame1 (X) is topologically of profinite type. However, the profinite group π
ét
1 (X) is, in general, a
profinite pro-p group satisfying no finiteness condition or whatsoever. Needless to say, the étale fundamental group
πét1 (X) will in general not admit a finite number of topological generators. ConsiderX = A
1
k, the affine line. Its étale
and wild fundamental groups agree, but they are not topologically of finite type.
For this reason, the main results of Proposition 2.31 do not apply for a general smooth scheme X . In particular,
one cannot expect that the moduli of ℓ-adic continuous representations of X , LocSysℓ,n(X), is representable by a
Qℓ-analytic stack. The purpose of the current text, is to study certain moduli substacks of LocSysℓ,n parametrizing
continuous representations
ρ : πét1 (X)→ GLn(A), A ∈ AfdQℓ
such that the restriction ρ|πw1 (X) factors through a finite quotient pΓ : π
w
1 (X) → Γ. Denote LocSysℓ,n,Γ(X) such
stack. Our main result is the following:
Theorem 1.1. The moduli stack LocSysℓ,n,Γ(X) : AfdQℓ → S can be promoted naturally to a derived moduli stack
RLocSysℓ,n,Γ(X) : dAfdQℓ → S
which is representable by a derivedQℓ-analytic stack. Given ρ ∈ RLocSysℓ,n,Γ(X), the analytic cotangent complex
LRLocSysℓ,n,Γ,ρ ∈ModQℓ is naturally equivalent to
LanRLocSysℓ,n,Γ(X),ρ
≃ C∗ét
(
X,Ad(ρ)
)∨
[−1]
in the derived∞-categoryModQℓ .
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In particular, Theorem 1.1 implies that the inclusion morphism of stacks
jΓ : RLocSysℓ,n,Γ(X) →֒ RLocSysℓ,n(X)
induces an equivalence on contangent complexes, in particular it is an étale morphism. We can thus regardRLocSysℓ,n,Γ(X)
as an admissible substack ofRLocSysℓ,n, in the sense of Qℓ-analytic geometry.
The knowledge of the analytic cotangent complex allow us to have a better understanding of the local geometry of
RLocSysℓ,n. In particular, given a continuous representation
ρ : πét1 (X)→ GLn(Fℓ)
one might ask how ρ can be deformed into a continuous representation ρ : πét1 (X) → GLn(Qℓ). This amounts to
understand the formal moduli problem Defρ : CAlg
sm
Fℓ
→ S given on objects by the formula
A ∈ CAlgsm 7→ Mapcont (Shét(X),BGLn(A)) ×Mapcont(Shét(X),BGLn(Fℓ)) {ρ} ∈ S,
where Shét(X) ∈ Pro
(
Sfc
)
denotes the étale homotopy type of X . Given ρ as above, the functor Defρ was first
considered by Mazur in [24], for Galois representations, in the discrete case. More recently, Galatius and Venkatesh
studied its derived structure in detail, see [10] for more details.
One can prove, using similar methods to those in [1] that the tangent complex of Defρ is naturally equivalent to
TDefρ ≃ C
∗
ét
(
X,Ad(ρ)
)
[1],
in the derived∞-categoryModFℓ . We can considerDefρ as a derivedW (Fℓ)-adic schemewhich is locally admissible,
in the sense of [2]. Therefore, one can consider its rigidification
Defrigρ ∈ dAnQℓ .
By construction, we have a canonical inclusion functor
jρ : Def
rig
ρ → LocSysℓ,n(X).
By comparing both analytic cotangent complexes, one arrives at the following result:
Proposition 1.2. The morphism of derived stacks
jρ : Def
rig
ρ → LocSysℓ,n(X)
exhibits Defrigρ as an admissible open substack of LocSysℓ,n(X).
Proposition 1.2 implies, in particular, that LocSysℓ,n(X) admits as an admissible analytic substack the disjoing
union
∐
ρDef
rig
ρ , indexed by the set of contininuous representations ρ : π
ét
1 (X)→ GLn(Qℓ). Nonetheless, the moduli
LocSysℓ,n(X) admits more (analytic) points in general than those contained in the disjoint union
∐
ρDef
rig
ρ . This
situation renders difficult the study of trace formulas on LocSysℓ,n(X)which was the first motivation for the study of
such moduli. Ideally, one would like to ”glue” the connected components of LocSysℓ,n(X) in order to have a better
behaved global geometry. More specifically, one would like to exhibit a moduli algebras or analytic stack Mℓ,n(X)
of finite type over Qℓ such that the space closed points Mℓ,n(X)(Qℓ) ∈ S would correspond to continuous ℓ-adic
representations of πét1 (X). Moreover, one should expect such moduli stack to have a natural derived structure which
would provided an understanding of deformations of ℓ-continuous representations ρ.
Such principle has been largely successful for instance in the context of continuous p-adic representations of a Ga-
lois group of a local field of mixed characteristic (0, p). Via p-adic Hodge structure and a scheme-image construction
provided in [16], the authors consider the moduli of Kisin modules which they prove to be an ind-algebraic stack
admitting strata given by algebraic stacks of Kisin modules of a fixed height. Unfortunately, the methods used in [16],
namely the scheme-image construction, do not directly generalize to the derived setting. Recent unpublished work
of M. Porta and V. Melani regarding formal loop stacks might provide an effective answer to this problem, which we
pretend to explore in the near future. However, to the best of the author’s knowledge, there is no other successful
attempts outside the scope of p-adic Hodge theory.
We will also study the existence of a 2− 2d-shifted symplectic form on LocSysℓ,n(X), where d = dimX . Even
though LocSysℓ,n(X) is not an instance of an analytic mapping stack it behaves as such. We need to introduce the
moduli stack PerfSysℓ(X) which corresponds to the moduli of objects associated to the Cat
st,ω,⊗
∞ -valued moduli
stack given on objects by the formula
Z ∈ dAfdQℓ 7→ FunECat∞
(
|X |ét,Perf
(
Γ(Z)
))
where ECat∞ denotes the∞-category of (small) Ind(Pro(S))-enriched∞-categories. We are then able to prove:
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Theorem 1.3. The derived moduli stack PerfSysℓ(X) admits a natural shifted symplectic form ω. Explicitly, given
ρ ∈ PerfSysℓ(X) ω induces a non-degenerated pairing
C∗ét
(
X,Ad(ρ)
)
[1]⊗ C∗ét
(
X,Ad(ρ)
)
[1]→ Qℓ[2− 2d],
which agrees with Poincaré duality.
By transport of strucure, the substack LocSysℓ,n(X) →֒ PerfSysℓ(X) can be equipped with a natural shifted
sympletic structure. By restricting further, we equip the LocSysℓ,n,Γ(X) with a shifted symplectic form ωΓ.
1.2. Summary. Let us give a brief review of the contents of each section of the text. Both §2.1 and §2.2 are devoted
to review the main aspects of ramification theory for local fields and smooth varities in positive characteristic. Our
exposition is classical and we do not pretend to prove anything new in this context. In §2.3 we construct the (ordinary)
moduli stack of continuous ℓ-adic representations. Our construction follows directly the methods applied in [1].
Given q : πw1 (X) → Γ a continuous group homomorphism whose target is finite we construct the moduli stack
LocSysℓ,n,Γ(X) parametrizing ℓ-adic continuous representations of π
ét
1 (X) such that ρ|πw1 (X) factors through Γ. We
then show that LocSysℓ,n,Γ is representable by a Qℓ-analytic stack (the analogue of an Artin stack in the context of
Qℓ analytic geometry).
In §3, we show that both theQℓ-analytic stacks LocSysℓ,n(X) and LocSysℓ,n,Γ(X) can be given natural derived
structures and we compute their corresponding cotangent complexes. It follows then by [29, Theorem 7.1] that
LocSysℓ,n,Γ(X) is representable by a derived Qℓ-analytic stack.
§4 is devoted to state and prove certain comparison results. We prove Proposition 1.2 and relate this result to the
moduli of pseudo-representations introduced in [6].
Lastly, in §5 we study the existence of a shifted symplectic form on LocSysℓ,n(X). We state and prove Theo-
rem 1.3 and analysize some of its applications.
1.3. Convention and Notations. Throught the text we will employ the following notations:
(1) AfdQℓ and dAfdQℓ denote the∞-categories of ordinary Qℓ-affinoid spaces and derived Qℓ-affinoid spaces,
respectively.;
(2) AnQℓ and dAnQℓ denote the∞-categories of analyticQℓ-spaces and derivedQℓ-analytic spaces, respectively;
(3) We shall denote S the ∞-category of spaces and Ind(Pro(S)) := Ind
(
Pro
(
S
))
the∞-category of ind-pro-
objects on S.
(4) Cat∞ denotes the∞-category of small∞-categories and ECat∞ the∞-category of Ind(Pro(S))-enriched
∞-categories.
(5) Given a continuous representation ρ, we shall denote Ad(ρ) := ρ⊗ ρ∨ the corresponding adjoint representa-
tion;
(6) Given Z ∈ AfdQℓ we sometimes denote Γ(Z) := Γ(Z) the derivedQℓ-algebra of global sections of Z .
1.4. Acknowledgements. I am grateful to Jean-Baptiste Tessier and Bertrand Toën for many useful discussions and
suggestions on the contents of the present text. I would also like to acknowledge le Séminaire Groupes Réductifs et
formes automorphes for the invitation to expose many of my ideas about the subject.
2. SETTING THE STAGE
2.1. Recall on the monodromy of (local) inertia. In this subsection we recall some well known facts on the mon-
odromy of the local inertia, our exposition follows closely [9, §1.3].
LetK be a local field, OK its ring of integers and k the residue field which we assume to be of characteristic p > 0
different from ℓ. FixK an algebraic closure ofK and denote by GK := Gal
(
K/K
)
its absolute Galois group.
Definition 2.1. Given a finite Galois extension L/K with Galois group Gal (L/K) we define its inertia group,
denoted IL/K , as the subgroup of Gal (L/K) spanned by those elements of Gal (L/K) which act trivially on l :=
OL/mL, where L denotes the ring of integers of L and mL the corresponding maximal ideal.
Remark 2.2. We can identify the inertia subgroup IL/K of Gal(L/K) with the kernel of the surjective continuous
group homomorphism q : Gal(L/K)→ Gal(l/k). We have thus a short exact sequence of profinite groups
(2.1) 1→ IL/K → Gal(L/K)→ Gal(l/k)→ 1.
In particular, we deduce that the inertia subgroup IL/K can be identified with a normal subgroup of Gal(L/K).
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Remark 2.3. Letting the field extension L/K vary, we can assemble together the short exact sequences displayed in
(2.1) thus obtaining a short exact sequence of profinite groups
(2.2) 1→ IK → GK → Gk → 1,
where Gk := Gal(k/k) where k denotes the algebraic closure of k determined byK.
Definition 2.4 (Absolute inertia). Define the (absolute) inertia group ofK as the inverse limit
IK := lim
L/K finite
IL/K ,
which we canonically identify with a subgroup of GK .
Definition 2.5 (Wild inertia). Let L/K be a field extension as above. We let PL/K denote the subgroup of IL/K
which consists of those elements of IL/K acting trivially on OL/m
2
L. We refer to PL/K as the wild inertia group
associated to L/K .
Definition 2.6 (Absolute wild inertia). We define the absolute wild inertia group ofK as:
PK := lim
L finite
PL/K .
Remark 2.7. We can identify the absolute wild inertia group PK with a normal subgroup of IK .
Consider the exact sequence
(2.3) 1→ PK → IK → IK/PK → 1.
Thanks to [35, Lemma 53.13.6] it follows that the wild inertia group PK is a pro-p group. When K = Qp a theorem
of Iwasawa implies that PK is not topologically of finite generation, even thoughGK is so. Nonetheless, the quotient
IK/PK is much more amenable:
Proposition 2.8. [4, Corollary 13] Let p := char(k) denote the residual characteristic ofK . The quotient IK/PK is
canonically isomorphic to Ẑ′(1), where the latter denotes the profinite group
∏
q 6=p Zq(1). In particular, the quotient
profinite group IK/PK is topologically of finite generation.
Define PK,ℓ to be the inverse image of
∏
q 6=ℓ,p Zq in IK . We have then a short exact sequence of profinite groups
1→ PK → PK,ℓ →
∏
q 6=ℓ,p
Zq → 1.
Define similarly GK,ℓ := GK/PK,ℓ the quotient of GK by PK,ℓ. We have a short exact sequence of profinite groups
(2.4) 1→ PK,ℓ → GK → GK,ℓ → 1.
Assembling together (2.3) and Proposition 2.8 we obtain a short exact sequence
(2.5) 1→ Zℓ(1)→ GK,ℓ → Gk → 1.
Remark 2.9. As a consequence of both (2.4) and (2.5) the quotientGK,ℓ is topologically of finite type.
Suppose we are now given a continuous representation
ρ : GK → GLn(Eℓ),
where Eℓ denotes a finite field extension of Qℓ. Up to conjugation, we might assume that ρ preserves a lattice of Eℓ.
More explicitly, up to conjugation we have a commutative diagram of the form
GK GLn(Zℓ)
GLn(Qℓ)
ρ˜
ρ
.
Therefore ρ˜ (GK) is a closed subgroup of GLn(Zℓ). Consider the short exact sequence
1→ N1 → GLn(Zℓ)→ GLn(Fℓ)→ 1,
where N1 denotes the group of GLn(Zp) formed by congruent to Id mod ℓ matrices. In particular, N1 is a profinite
pro-ℓ group. By construction, every finite quotient of PK,ℓ is of order prime to ℓ. One then has necessarily
ρ (PK,ℓ) ∩N1 = {1}.
As a consequence, the group ρ(PK,ℓ) injects into the finite group GLn(Fℓ) under ρ. Which in turn implies that the
(absolute) wild inertia group PK itself acts on GLn(Qℓ) via a finite quotient.
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2.2. Geometric étale fundamental groups. Let X be a geometrically connected smooth scheme over an alge-
braically closed field k of positive characteristic. Fix once and for all a geometric point ιx : x → X and consider
the corresponding étale fundamental group πét1 (X) := π
ét
1 (X, x), a profinite group. If we assume that X is moreover
proper one has the following classical result:
Theorem 2.10. [12, Exposé 10, Thm 2.9] Let X be a smooth and proper scheme over an algebraically closed field.
Then its étale fundamental group πét1
(
X
)
is topologically of finite type.
Unfortunately, the statement of Theorem 2.10 does not hold in the non-proper case as the following proposition
illustrates:
Proposition 2.11. Let k be an algebraically closed field of positive characteristic. Then the étale fundamental group
of the affine line πét1 (A
1
k) is not topologically finitely generated.
Proof. For each integer n ≥ 1, one can exhibit Galois covers of A1k whose corresponding automorphism group is
isomorphic to (Z/pZ)n. This statement readily implies that πét1 (A
1
k) does not admit a finite number of topological
generators. In order to construct such coverings, we consider the following endomorphism of the affine line
φn : A
1
k → A
1
k,
defined via the formula
φn : x 7→ x
pn − x.
The endormophism φn respects the additive group structure on A1k. Moreover, the differential of φn equals −1. For
this reason, φn induces an isomorphism on cotangent spaces and, in particular, it is an étale morphism. As k is
algebraically closed, φn is surjective and it is finite, thus a finite étale covering. The automorphism group of φn is
naturally identified with its kernel, which is isomorphic to Fpn . The statement of the proposition now follows. 
Definition 2.12. LetG be a profinite group and p a prime numbger, we say thatG is quasi-p ifG equals the subgroup
generated by all p-Sylow subgroups of G.
Examples of quasi-2 finite groups include the symmetric groups Sn, for n ≥ 2. Moreover, for each prime p, the
group SLn(Fp) is quasi-p. Let X = A1k be the affine line over an algebraically closed field k of characteristic p > 0.
We have the following result proved by Raynaud which was originally a conjecture of Abhyankar:
Theorem 2.13. [7, Conjecture 10] Every finite quasi-p group can be realized as a quotient of πét1 (X).
Remark 2.14. In the example of the affine line the infinite nature of π1(A1k) arises as a phenomenonof the existence of
étale coverings whose ramification at infinity can be as large as we desire. This phenomenon is special to the positive
characteristic setting. Neverthless, we can prove that πét1 (X) admits a topologically finitely generated quotient which
corresponds to the group of automorphisms of tamely ramified coverings. On the other hand, in the proper case every
finite étale covering ofX is everywhere unramified.
Definition 2.15. LetX →֒ X be a normal compactification ofX , whose existence is guaranteed by [26]. Let f : Y →
X be a finite étale cover with connected source. We say that f is tamely ramified along the divisor D := X\X if
every codimension-1 point x ∈ D is tamely ramified in the corresponding extension field extension k(Y )/k(X).
Proposition 2.16. Tamely ramified extensions along D := X\X of X are classified by a quotient πét1 (X) →
πt1(X,D), referred to as the tame fundamental group ofX alongD.
Remark 2.17. Let X denote a smooth compactification of X and D := X\X. We denote by πw1 (X,D), the wild
fundamental group of X alongD, the kernel of the continuous morphism πét1 (X)→ π
t
1(X).
Definition 2.18. AssumeX is a normal connected scheme over k.
(1) Let f : Y → X be an étale covering. We say that f is divisor-tame if for every normal compactification
X →֒ X , f is tamely ramified alongD = X\X .
(2) Let f : Y → X be an étale covering. We shall refer to f as curve-tame if for every smooth curve C over k
and morphism g : C → X , the base change Y ×X C → C is a tame covering of the curve C.
Remark 2.19. In Definition 2.18X is assumed to be a normal connected scheme over a field of positive characteristic.
Currently, we lack a resolution of singularities theorem in this setting. Therefore, a priori, one cannot expect that
both divisor-tame and curve-tame notions agree in general. Indeed, one can expect many regular normal crossing
compactifications ofX to exist, or none.
Neverthless, one has the following result:
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Proposition 2.20. [17, Theorem 1.1] Let X be a smooth scheme over k and let f : Y → X be an étale covering.
Then f is divisor-tame if and only if it is curve-tame.
Definition 2.21. The tame fundamental group πt1(X) is defined as the quotient of π
ét
1 (X) by the normal closure of
opens subgroup of πét1 (X) generated by the wild fundamental groups π
w
1 (X,D) alongD, for each normal compacti-
ficationX →֒ X .
Remark 2.22. The notion of tameness is stable under arbitrary base changes between smooth schemes. In particular,
given a morphism f : Y → X between smooth schemes over k, one has a functorial well defined morphism πt1(Y )→
πt1(X) fitting in a commutative diagram of profinite groups
πét1 (Y ) π
ét
1 (X)
πt1(Y ) π
t
1(X).
Moreover, the profinite group πt1(X) classifies tamely ramified étale coverings ofX .
Remark 2.23. The tame fundamental group πt1(X) classifies finite étale coverings f : X → Y which are tamely
ramified along any divisor at infinity.
Definition 2.24. We define the wild fundamental group of X , denoted πw1 (X), as the kernel of the surjection
πét1 (X)→ π
t
1(X). It is an open normal subgroup of π
ét
1 (X).
Proposition 2.25. [7] Let C be a geometrically connected smooth curve over k. Then the wild fundamental group
πw1 (C) is a pro-p-group.
Theorem 2.26. [5, Appendix 1, Theorem 1] Let X be a smooth and geometrically connected scheme over k. There
exists a smooth, geometrically connected curve C/k together with a morphism f : C → X of varieties such that the
corresponding morphism at the level of fundamental groups πét1 (C) → π
ét
1 (X) → π
t
1(X) is surjective and it factors
by a well defined morphism πt1(C)→ π
t
1(X). In particular, π
t
1(X) is topologically finitely generated.
Remark 2.27. Theorem 2.26 implies that πt1(A
1
k) admits a finite number of topological generators. In fact, the group
πt1(A
1
k) is trivial.
2.3. Moduli of continuous ℓ-adic representations. In this §, X denotes a smooth scheme over an algebraically
closed field of positive characteristic p > 0. Nevertheless, our arguments apply when X is the spectrum of a local
field of mixed characteristic.
Remark 2.28. Let A ∈ Afd beQℓ-affinoid algebraA ∈ Afd. It admits a natural topology induced from a choice of a
norm on A, compatible with the usual ℓ-adic valuation on Qℓ. GivenG an analytic Qℓ-group space we can consider
the corresponding group of A-points onG,G(A). The groupG(A) admits a natural topology induced from the non-
archimedean topology on A. In the current text we will be interested in studying the moduli functor parametrizing
continuous representations
ρ : πét1 (X)→ GL
an
n (A).
Nevertheless, our arguments can be directly applied when we instead consider the moduli of continuous representa-
tions
πét1 (X)→ G
an(A),
whereG denotes a reductive group scheme.
Definition 2.29. Let G be a profinite group. Denote by
LocSysframedℓ,n (G) : AfdQℓ → Set,
the functor of rank n continuous ℓ-adic group homomorphisms of G. It is given on objects by the formula
(2.1) A ∈ Afdop 7→ Homcont (G,GLn(A)) ∈ Set,
where the right hand side of (2.1) denotes the set of continuous group homomorphismsGK → GLn(A).
Notation 2.30. WheneverG = πét1 (X) we denote LocSysℓ,n(X) := LocSysℓ,n(π
ét
1 (X)).
Proposition 2.31. [1, Corollary 2.2.16] Suppose G is a topologically finitely generated profinite group. Then the
functor LocSysframedℓ,n (G) is representable by a Qℓ-analytic space.
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By the results of the previous §, the étale fundamental group πét1 (X) is almost never topologically finitely generated
in the non-proper case. For this reason, we cannot expect the functor LocSysframedℓ,n (GX) to be representable by an
object in the category AnQℓ of Qℓ-analytic spaces. Nevertheless, we can prove an analogue of Proposition 2.31 if
we consider instead certain subfunctors of LocSysframedℓ,n . More specifically, given a finite quotient q : π
w
1 (X) → Γ
we can consider the moduli parametrizing continuous ℓ-adic representations of πét1 (X) whose restriction to π
w
1 (X)
factors through Γ:
Construction 2.32. Let q : πw1 (X)→ Γ denote a surjective continuous group homomorphism, whose target is a finite
group (equipped with the discrete topology). We define the functor of continuous group homomorphisms πét1 (X) to
GLn(−) with Γ-bounded ramification at infinity, as the fiber product
(2.2) LocSysframedℓ,n,Γ (π
ét
1 (X)) := LocSys
framed
ℓ,n (π
ét
1 (X))×LocSysframed
ℓ,n
(πw1 (X))
LocSysframeℓ,n (Γ),
computed in the category Fun (Afdop, Set).
Remark 2.33. The moduli functor LocSysframedℓ,n,Γ (X) introduced in Construction 2.32 depends on the choice of the
continuous surjective homomorphism q : PX → Γ. However, for notational convenience we drop the subscript q.
We have the following result:
Theorem 2.34. The functor LocSysframedℓ,n,Γ (X) is representable by a Qℓ-analytic stack.
Proof. Let r be a positive integer and denote F[r] a free profinite group on r topological generators. The finite group
Γ and the quotient GX/PX are topologically of finite generation. Therefore, it is possible to choose a continuous
group homomorphism
p : F[r] → πét1 (X),
such that the images p(ei), for i = 1, . . . , r, form a set of generators for Γ, seen as a quotient of πw1 (X), and for
πt1(X)
∼= πét1 (X)/π
w
1 (X). Restriction under ϕ induces a closed immersion of functors
LocSysframedℓ,n,Γ (GX) →֒ LocSys
framed
ℓ,n (F
[r]).
Thanks to [1, Theorem 2.2.15.], the latter is representable by a rigid Qℓ-analytic space, denotedX [r]. It follows that
LocSysframedℓ,n,Γ (GX) is representable by a closed subspace ofX
[r], which proves the statement. 
Definition 2.35. Let PShv (AfdQℓ) := Fun
(
AfdopQℓ , S
)
denote the ∞-category of S-valued preasheaves on AfdQℓ .
Consider the étale site (Afd, τét). We define the ∞-category of higher stacks on (Afd, τét), St (Afd, τét) , as the full
subcategory of PShv (Afd) spanned by those pre-sheaves which satisfying étale hyper-descent, [19, §7].
Remark 2.36. The inclusion functor St (AfdQℓ , τét) ⊆ PShv (Afd) admits a left adjoint, which is a left localization
functor. For this reason, the ∞-category St (AfdQℓ , τét) is a presentable ∞-category. One can actually prove that
St
(
AfdQℓ , τét
)
is the hypercompletion of the∞-topos of étale sheaves on AfdQℓ , Shvét
(
Afd
)
.
Definition 2.37. Consider the geometric context (dAfd, τét,Psm), [1, Definition 2.3.1]. Let St (AfdQℓ , τét,Psm)
denote the full subcategory of St(Afd, τét) spanned by geometric stacks, [1, Definition 2.3.2]. We will refer to an
object F ∈ St (AfdQℓ , τét,Psm) as the a Qℓ-analytic stack and we refer to St
(
AfdQℓ , τét
)
as the ∞-category of Qℓ-
analytic stacks.
Example 2.38. Let G be a group object in the ∞-category St (Afd, τét,Psm). Given a G-equivariant object F ∈
St (Afd, τét, Psm)
G we denote [F/G] the geometric realization of the simplicial object
· · · G2 × F G× F F
computed in the∞-category St
(
AfdQℓ , τét
)
. We refer to [F/G] as the quotient stack object of F byG.
Lemma 2.39. [1, §2.3]. Suppose G ∈ St (Afd, τét, Psm) is a smooth group object and F is representable by a
Qℓ-analytic space. Then the quotient stack object [F/G] is representable by a geometric stack.
Remark 2.40. The smooth groupGLann ∈ AnQℓ acts by conjugation on the moduli functor LocSys
framed
ℓ,n .
Definition 2.41. Let LocSysℓ,n(X) := [LocSys
framed
ℓ,n (X)/GLn
an] denote the moduli stack of rank n ℓ-adic pro-
étale local systems onX . Given a continuous surjective group homomorphism q : πw1 (X)→ Γ whose target is a finite
group we define the substack of LocSysℓ,n(X) spanned by rank n ℓ-adic pro-étale local systems on X ramified at
infinity by level Γ as the fiber product
LocSysℓ,n,Γ := LocSysℓ,n(X)×LocSysℓ,n(πw1 (X) LocSysℓ,n(Γ)
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Theorem 2.42. The moduli stack LocSysℓ,n,Γ(X) is representable by a Qℓ-analytic stack.
Proof. We have a canonical map LocSysframedℓ,n,Γ (GX) → LocSysℓ,n,Γ(X), which exhibits the former as a smooth
atlas of the latter. The result now follows formally, as explained in [1, §2.3]. 
One can prove that there is an equivalence between the space of continuous representations
ρ : πét1 (X)→ GL
an
n (A), A ∈ AfdQℓ
and the space of rank n pro-étale A-local systems onX . We thus have the following statement:
Proposition 2.43. [1, Corollary 3.2.5] The functor LocSysℓ,n(X) parametrizes pro-étale local systems of rank n
onX .
Proof. The same proof of [1, Corollary 3.2.5] applies. 
3. DERIVED STRUCTURE
LetX be a smooth scheme over an algebraically closed field k and fix a finite quotient q : πw1 (X)→ Γ. In this §we
will study at full the deformation theory of both theQℓ-analytic moduli stacks LocSysℓ,n(X) and LocSysℓ,n,Γ(X).
Our goal is to show that LocSysℓ,n(X) and LocSysℓ,n,Γ(X) can be naturally promoted to derived Qℓ-stacks, de-
notedRLocSysℓ,n(X) andRLocSysℓ,n,Γ(X), respectively. Therefore the corresponding0-truncations t≤0RLocSysℓ,n(X)
and t≤0RLocSysℓ,n,Γ(X) are equivalent to LocSysℓ,n(X) and LocSysℓ,n,Γ(X), respectively. We will prove
moreover that both RLocSysℓ,n,Γ(X) and LocSysℓ,n(X) admit tangent complexes and give a precise formula for
these. Moreover, we show that the substack RLocSysℓ,n,Γ(X) is geometric with respect to the geometric context(
dAfdQℓ , τét,Psm
)
. In particular,RLocSysℓ,n,Γ(X) admits a cotangent complex which we can understand at full.
We compute the corresponding cotangent complexes and analyze some consequences of the existence of derived
structures on theses objects. We will use extensively the language of derived Qℓ-analytic geometry as developed
in [28, 29].
3.1. Derived enhancement of LocSysℓ,n(X). Recall the∞-category of derived Qℓ-affinoid spaces dAfdQℓ intro-
duced in [28]. Given a derived Qℓ-affinoid space Z := (Z,OZ) ∈ dAfdQℓ , we denote
Γ(Z) := Γ
(
O
alg
Z
)
∈ CAlgQℓ
the corresponding derived ring of global sections on Z , see [27, Theorem 3.1] for more details. [2, Theorem 4.4.10]
implies that Γ(Z) always admits a formal model, i.e., a ℓ-complete derived Zℓ-algebra A0 ∈ CAlgZℓ such that
(Spf A0)
rig ≃ X . Here (−)rig denotes the rigidification functor from derived formal Zℓ-schemes to derived Qℓ-
analytic spaces, introduced in [2, §4]. This allow us to prove:
Proposition 3.1. [1, Proposition 4.3.6] The ∞-category of perfect complexes on A, Perf(A), admits a natural
structure of Ind
(
Pro
(
S
))
-enriched ∞-category, i.e., it can be naturally upgraded to an object in the ∞-category
ECat∞.
Definition 3.2. Let Y ∈ Ind
(
Pro
(
S
))
. We define its materialization by the formula
Mat (X) := MapInd(Pro(S)) (∗,X) ∈ S,
where ∗ ∈ Ind(Pro(S)) denotes the terminal object. This formula is functorial. For this reason, we have a well
defined, up to contractible indeterminacy functor, materialization functor Mat: Ind(Pro(S))→ S.
As a consequence of Proposition 3.1, there exists an object BEnd(Z) ∈ Ind
(
Pro
(
S
))
, functorial in Z ∈ dAfdQℓ ,
such that its materalization is equivalent to
(3.1) Mat (End(Z)) ≃ BEnd(Γ(Z)n) ∈ S.
The right hand side of (3.1) denotes the usual Bar-construction applied to E1-monoid object End(Γ(Z)) ∈ S. More-
over, given Y ∈ Ind
(
Pro(S)
)
every continuous morphism
Y → BEnd(Z), in Ind
(
Pro
(
S
))
is such that its materialization factors as
Mat (Y )→ BGLn(Γ(Z)) →֒ BEnd(Γ(Z))
in the∞-category S. See [1, §4.3 and §4.4] for more details.
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Definition 3.3. [22, Notation 3.6.1] We shall denote Shét(X) the étale shape of X defined as the fundamental
groupoid associated to the∞-topos Shvét (X)
∧, of hyper-complete étale sheaves onX .
Definition 3.4. LetX be as above. We define the derived moduli stack of ℓ-adic pro-étale local systems of rank n on
X as the functor
RLocSysℓ,n(X) : dAfd
op
Qℓ
→ S,
given informally on objects by the formula
Z ∈ dAfdopQℓ 7→ limn≥0
MapMonE1(C)
(
Shét(X),BEnd (t≤n(Z))
)
,
where t≤n(Z) denotes the n-th truncation functor on derivedQℓ-affinoid spaces.
Notation 3.5. Given Z ∈ dAfdQℓ we sometimes prefer to employ the notation
RLocSysℓ,n(X)(Γ(Z)) := RLocSysℓ,n(X)(Z).
Let ρ ∈ RLocSysℓ,n(X)(Γ(Z)), we refer to it as a continuous representation of Sh
ét(X) with coefficients in Γ(Z).
Definition 3.6. Let Y := limm Ym ∈ Pro (S). Given an integer n ≥ 0, we define the n-truncation of Y as
τ≤n (Y ) := lim
m
τ≤n(Ym) ∈ Pro(S≤n),
i.e. we apply pointwise the truncation functor τ≤n : S→ S to the diagram defining Y = limm Ym ∈ Pro(S).
Ind(Pro(S))
Notation 3.7. Let ι : Afd→ dAfdQℓ denote the canonical inclusion functor. Denote by
t≤0
(
RLocSysℓ,n(X)
)
:= RLocSysℓ,n(X) ◦ ι,
the restriction ofRLocSysℓ,n(X) to AfdQℓ .
Given Z ∈ Afdop, the object BEnd(Z) ∈ Ind
(
Pro
(
S
))
is 1-truncated. As a consequence, we have an equivalence
of mapping spaces:
MapInd(Pro(S))
(
Shét(X),BEnd(Z)
)
≃ MapInd(Pro(S))
(
τ≤1Sh
ét(X),BEnd(Z)
)
.
We have moreover an equivalence of profinite spaces τ≤1Sh
ét(X) ≃ Bπét1 (X). Given a continuous group homomor-
phism ρ : πét1 (X) → GLn(A) we can associate, via the cobar construction performed in the ∞-category Topna, a
well defined morphism
Bρ : Bπét1 (X)→ BEnd(A),
in the∞-category Ind(Pro(S)). This construction provide us with a well defined, up to contractible indeterminacy,
pA : LocSys
framed
ℓ,n (X)(A)→ MapInd(Pro(S))
(
Bπét1 (X),BEnd(Z)
)
.
On the other hand, the morphisms pA assemble to provide a morphism of stacks
p : LocSysframedℓ,n (X)→ t≤0RLocSysℓ,n(X).
Proposition 3.8. The canonical morphism
p : LocSysframedℓ,n (X)→ t≤0RLocSysℓ,n(X),
in the∞-category St
(
AfdQℓ , τét
)
which induces an equivalence of stacks
LocSysℓ,n(X) ≃ t≤0RLocSysℓ,n(X).
Proof. The proof of [1, Theorem 4.5.8] applies. 
Notation 3.9. Let Z := (Z,OZ) ∈ dAn denote a derived Qℓ-analytic space and M ∈ ModOZ . In [29, §5] it was
introduced the analytic square zero extension of Z byM as the derived Qℓ-analytic space Z[M ] := (Z,OZ ⊕M) ∈
dAn, where OZ ⊕M := Ω∞an ∈ AnRingk(Z)/OZ denotes the trivial square zero extension of OZ byM . In this case,
we have a natural composite
(3.2) OZ → OZ ⊕M → OZ
in the∞-categoryAnRingk(Z)/OZ which is naturally equivalent to the identity onOZ . We denote pZ,M : OZ⊕M →
OZ the natural projection displayed in (3.2)
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Definition 3.10. Let Z ∈ dAfdopQℓ be a derived Qℓ-affinoid space. Let ρ ∈ RLocSysℓ,n(X)(OZ) be a continuous
representation with values in OZ . The tangent complex ofRLocSysℓ,n(X) at ρ is defined as the fiber
TRLocSysℓ,n(X),ρ := fibρ (pOZ )
where
pOZ : RLocSysℓ,n(X)(OZ ⊕
an
OZ)→ RLocSysℓ,n(OZ),
is the morphism of stacks induced from the canonical projection map pOZ ,OZ : OZ ⊕ OZ → OZ .
The derived stack RLocSysℓ,n is not, in general, representable as derived Qℓ-analytic stack, as this would entail
the representability of its 0-truncation. Nevertheless we can compute its tangent complex explicitly:
Lemma 3.11. [1, Proposition 4.4.9.] Let ρ ∈ RLocSysℓ,n(X)(OZ). We have a natural morphism
TRLocSysℓ,n(X),ρ → C
∗
ét (X,Ad(ρ)) [1],
which is an equivalence in the derived∞-categoryModΓ(Z).
Proof. The proof of [1, Proposition 4.4.9] applies. 
3.2. The bounded ramification case. In this §we are going to define a natural derived enhancement ofLocSysℓ,n,Γ(X)
and prove its representability by a derivedQℓ-analytic stack. LetX be a smooth scheme over an algebraically closed
field k of positive characteristic p 6= ℓ.
Definition 3.12. Consider the sub-site Xtameét of the small étale site Xét spanned by those étale coverings Y → X
satisfying condition (2) in Definition 2.18. We can form the∞-topos Shvtame(X) := Shv (Xtameét ) of tamely ramified
étale sheaves on the Grothendieck site Xtameét .
Consider the inclusion of sites ι : Xtameét →֒ Xét, it induces a geometric morphism of∞-topoi
(3.1) g∗ : Shvét(X)→ Shv
tame
ét (X)
which is a right adjoint functor to the functor induced by precomposition with ι.
Lemma 3.13. The geometric morphism of∞-topoi g∗ : Shv
tame
ét (X)→ Shvét(X) introduced in (3.1) is fully faithful.
Proof. As the Grothendieck topology on Xtameét is induced by the inclusion functor ι : X
tame
ét → Xét, it suffices to
prove the corresponding statement for the∞-categories of presheaves. More specifically, the statement of the lemma
is a consequence of the assertion that the left adjoint
ι∗ : PShv (Xét)→ PShv
(
Xtameét
)
,
given by precomposition along ι, admits a fully faithful right adjoint. The existence of a right adjoint for ι∗, denoted
ι∗, follows by the Adjoint functor theorem. The required right adjoint is moreover computed by means of a right Kan
extension along ι. Let Y ∈ Xtameét , we can consider Y ∈ Xét by means of the inclusion functor ι : X
ét
tame → Xét.
The comma ∞-category
(
Xtameét
)
Y/
admits an initial object, namely Y itself. Let CY :=
(
Xtameét
)
Y/
. Given F ∈
PShv
(
Xtameét
)
one can compute
ι∗ι∗F(Y ) ≃
≃ ι∗F(Y )
≃ ι∗ lim
V ∈CY
F(V )
≃ F(Y )
In particular, the counit of the adjunction θ : ι∗ ◦ ι∗ → Id is an equivalence. Reasoning formally we deduce that ι∗ is
fully faithful and therefore so it is g∗. 
Definition 3.14. Let Shtame(X) ∈ Pro (S) denote the fundamental∞-groupoid associated to the∞-toposShv(Xtameét ),
which we refer to as the tame étale homotopy type of X .
Remark 3.15. The fact that the geometric morphism g∗ : Shv(Xtameét ) → Shv(Xét) is fully faithful implies that the
canonical morphism
Shtame(X)→ Shét(X)
induces an equivalence of profinite abelian groupsπi
(
Shtame(X)
)
≃ πi
(
Shét(X)
)
for each i > 1.As a consequence
one has a fiber sequence
Bπw1 (X)→ Sh
ét(X)→ Shtame(X),
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in the∞-category Pro(Sfc) of profinite spaces.
Definition 3.16. The derived moduli stack of wild (pro)-étale rank n ℓ-local systems on X is defined as the functor
RLocSyswℓ,n(X) : dAfd
op → S given informally by the association
Z ∈ dAfdopQℓ 7→ limn≥0
MapInd(Pro(S))
(
Bπw1 (X),BGLn
(
τ≤n
(
Γ(Z)
)))
∈ S.
Remark 3.17. The functorRLocSyswℓ,n(X) satisfies descent with respect to the étale site (dAfd, τét), thus we can
naturally considerRLocSyswℓ,n(X) as an object of the∞-category of derived stacks dSt (dAfd, τét, ).
Suppose now we have a surjective continuous group homomorphism q : πw1 (X) → Γ, where Γ is a finite group.
Such morphism induces a well defined morphism (up to contractible indeterminacy)
Bq : Bπw1 (X)→ BΓ.
Precomposition alongBq induces a morphism of derived moduli stacks Bq∗ : RLocSysℓ,n(Γ)→ RLocSys
w
ℓ,n(X).
WhereRLocSysℓ,n(Γ): dAfdQℓ → S is the functor informally defined by the association
Z ∈ dAfdQℓ 7→ MapInd(Pro(S)) (BΓ,BEnd(Z)) .
Remark 3.18. As BΓ ∈ Sfc ⊆ Pro
(
Sfc
)
it follows that, for each Z ∈ dAfdQℓ , one has a natural equivalence of
mapping spaces
MapInd(Pro(S)) (BΓ,BEnd(Z)) ≃ MapS (BΓ,BGLn(OZ)) .
Therefore the moduli stackRLocSysℓ,n (BΓ) is always representable by a derivedQℓ-analytic stack which is more-
over equivalent to the analytification of the usual (algebraic) mapping stack Map (BΓ,BGLn(−)). The latter is
representable by an Artin stack, see [23, Proposition 19.2.3.3.].
We can now give a reasonable definition of the moduli of local systems with bounded ramification at infinity:
Definition 3.19. The derivedmoduli stack of derived étale local systems onX wtih Γ-bounded ramification at infinity
is defined as the fiber product
RLocSysℓ,n,Γ(X) := RLocSysℓ,n(X)×RLocSyswℓ,n(X) RLocSysℓ,n(BΓ)
Proposition 3.20. Let q : πw1 (X) → Γ be a surjective continuous group homomorphism whose target is finite. Then
the 0-truncation of RLocSysℓ,n,Γ(X) is naturally equivalent to LocSysℓ,n,Γ(X). In particular, the former is rep-
resentable by a Qℓ-analytic stack.
Proof. It suffices to prove the statement for the corresponding moduli associated to Shét(X), Bπw1 (X) and BΓ. Each
of these three cases can be dealt as in Proposition 3.8. 
Similarly to the derivedmoduli stackRLocSysℓ,n(X)we can compute the tangent complex ofRLocSysℓ,n,Γ(X)
explicitly. In order to do so, we will first need some preparations:
Construction 3.21. Let Y ∈ Pro
(
Sfc≥1
)
be a 1-connective profinite space. Fix moreover a morphism
c : ∗ → X,
in the∞-category Pro
(
Sfc
)
. Notice that such choice is canonical up to contractible indeterminacy due to connected-
ness ofX .
Let Perf (Qℓ) the∞-category of perfect Qℓ-modules. One can canonically enhance Perf(Qℓ) to an object in the
∞-category ECat∞ of Ind(Pro(S))-enriched∞-categories. Consider the full subcategory
Perfℓ (Y ) := Funcont (Y,Perf(Qℓ))
of Fun (Mat (Y ) ,Perf(Qℓ)) spanned by those functors F : Y → Perf(Qℓ) with M := F (∗) such that the induced
morphism
(3.2) ΩMat (X)→ End (M)
is equivalent to the materialization of a continuous morphism
ΩX→ End (M)
in the∞-category Ind(Pro(S)). Thanks to [1, Corollary 4.3.23] the∞-category Perfℓ(X) is an idempotent complete
stable Qℓ-linear∞-category which admits a symmetric monoidal structure given by point-wise tensor product.
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Consider the ind-completionModQℓ(X) := Ind (Perfℓ(X)), which is a presentable stable symmetric monoidalQℓ-
linear∞-category, [1, Corollary 4.3.25]. We have a canonical functor pℓ(X) : ModQℓ(X)→ ModQℓ given informally
by the formula
colim
i
F∈ModQℓ (Y ) 7→ colim
i
(Fi(∗)) ∈ModQℓ .
Given Z := (Z,OZ) ∈ dAfdQℓ a derived Qℓ-affinoid space, we denote Γ(Z) := Γ (Z) the corresponding derived
ring of global sections. Consider the extension of scalars∞-category
ModΓ(Z) (Y ) := ModQℓ (Y )⊗Qℓ Γ(Z),
which is a presentable stable symmetric monoidalΓ(Z)-linear∞-category, [1, Corollary 4.3.25]. We can base change
pℓ(Y ) to a well defined (up to contractible indeterminacy) functor pΓ(Z) (Y ) : ModΓ(Z) (Y ) → ModΓ(Z) given
informally by the association(
colim
i
Fi
)
⊗Qℓ Γ(Z) ∈ModΓ(Z) (X) 7→ colim
i
(Fi(∗)⊗Qℓ Γ(Z)) ∈ModΓ(Z).
Proposition 3.22. Let Z ∈ dAfd be a derived Qℓ-affinoid space and ρ ∈ RLocSysℓ,n,Γ(X)(OZ). The inclusion
morphism of stacks
RLocSysℓ,n,Γ(X) →֒ RLocSysℓ,n(X)
induces a natural morphism at the corresponding tangent complexes at ρ
TRLocSysℓ,n,Γ,ρ → TRLocSysℓ,n,ρ
is an equivalence in the∞-categoryModΓ(Z). In particular, we have an equivalence of Γ(Z)-modules
TRLocSysℓ,n,Γ, ρ ≃ C
∗
ét (X,Ad (ρ)) [1] ∈ ModΓ(Z).
Proof. Let Π := Bq : Bπw1 (X) → BΓ denote the morphism of profinite homotopy types induced from a continuous
surjective group homomorphism q : πw1 (X)→ Γ whose target is finite. We can form a fiber sequence
(3.3) Y→ Bπw1 (X)→ BΓ
in the ∞-category Pro
(
Sfc≥1
)
∗/
of pointed 1-connective profinite spaces. Let A := Γ(Z) and consider the ∞-
categories ModA (Sh
w(X)) and ModA (BΓ) introduced in Construction 3.21. Let CA,n (Bπw1 (X)) and CA,n (BΓ)
denote the full subcategories of ModA (Bπw1 (X)) and ModA (BΓ), respectively, spanned by modules rank n free
A-modules. It is a direct consequence of the definitions that one has an equivalence of spaces
RLocSysℓ,n (Bπ
w
1 (X)) ≃ CA,n (Bπ
w
1 (X))
≃ andRLocSysℓ,n (BΓ) ≃ CA,n (BΓ)
≃
where (−)≃ denotes the underlying∞-groupoid functor. The fiber sequence displayed in (3.3) induces an equivalence
of∞-categories
(3.4) ModA (BΓ) ≃ModA (Bπ
w
1 (X))
Y
where the right hand side of (3.4) denotes the ∞-category of Y-equivariant continuous representations of Bπw1 (X)
with A-coefficients. Thanks to [1, Proposition 4.4.9.] we have an equivalence of A-modules
(3.5) T
RLocSysℓ,n(Bπw1 (X)), ρ|Bπw
1
(X)
≃ MapModΓ(Z)(Bπw1 (X))
(
1, ρ|Bπw1 (X)
⊗ ρ∨|Bπw
1
(X)
)
[1]
and similarly,
(3.6) TRLocSysℓ,n(BΓ), ρΓ ≃ MapModΓ(Z)(BΓ) (1, ρΓ ⊗ ρ
∨
Γ) [1]
By definition of ρ, we have an equivalence ρY ≃ ρ, where (−)Y denotes (homotopy) fixed points with respect to the
morphism Y→ Bπw1 (X). Thus we obtain a natural equivalence of A-modules:
(3.7) MapModΓ(Z)(Bπw1 (X))
(1, ρ⊗ ρ∨) [1] ≃ MapModΓ(Z)(Bπw1 (X))
(
1, (ρΓ ⊗ ρ
∨
Γ)
Y
)
[1].
Homotopy Y-fixed points are computed by Y-indexed limits. As the Y-indexed limit computing the right hand side
of (3.7) has identity transition morphisms we conclude that the right hand side of (3.7) is naturally equivalent to the
mapping space
(3.8) MapModA(Bπw1 (X))
(
1, (ρ⊗ ρ∨)Y
)
[1] ≃ MapModA(BΓ) (1,Π∗(ρ⊗ ρ
∨)) [1]
whereΠ∗ : ModA (Bπw1 (X))→ ModA (BΓ) denotes a right adjoint to the forgetfulΠ
∗ : ModA (BΓ)→ ModA (Bπ
w
1 (X)).
As a consequence we have an equivalence
(3.9) MapModA(Bπw1 (X)) (1, ρ⊗ ρ
∨) [1] ≃MapModA(BΓ) (1,Π∗(ρ⊗ ρ
∨)) [1]
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in the∞-category S. Notice that, by construction
(3.10) ρΓ ⊗ ρ
∨
Γ ≃ (ρ⊗ ρ
∨)Γ
in the∞-categoryModA (BΓ). One has moreover equivalences
(3.11) Π∗ (ρ⊗ ρ
∨) ≃ (ρ⊗ ρ∨)Γ ,
as the restriction of ρ ⊗ ρ∨ to Y is trivial. Thanks to (3.5) through (3.11) we conclude that the canonical morphism
LocSysℓ,n (BΓ)→ LocSysℓ,n (Bπ
w
1 (X)) induces an equivalence on tangent spaces, as desired. 
Construction 3.23. Fix a continuous surjective group homomorphism q : πw1 (X)→ Γ, whose target is finite. Denote
by H the kernel of q. The profinite group H is an open subgroup of πw1 (X). For this reason, there exists an open
subgroup U ≤ πét1 (X) such that U ∩ π
w
1 (X) = H . In particular, the subgroup U has finite index in π
ét
1 (X). As finite
étale coverings of X are completely determined by finite continuous representations of πét1 (X), there exists a finite
étale covering
fU : YU → X
such that πét1 (X) acts on it canonically. Moreover, one has an isomorphism of profinite groups
πét1 (Y )
∼= U
As a consequence, it follows that πw1 (YU ) ∼= H . Given Z ∈ AfdQℓ and ρ ∈ RLocSysℓ,n,Γ(X)(OZ) it follows by
the construction of fU : YU → X that the restriction
ρ|Shét(Y )
factors through Shtame(Y ). The morphism fU : YU → X induces a morphism of profinite spaces
Shét(Y )→ Shét(X),
which on the other hand induces a morphism of stacks RLocSysℓ,n(X) → RLocSysℓ,n(YU ). Moreover, by the
above considerations the composite
RLocSysℓ,n,Γ(X)→ RLocSysℓ,n(X)→ RLocSysℓ,n(Y ),
factors through the substack of tamely ramified local systemsRLocSysℓ,n
(
Shtame(YU )
)
→֒ RLocSysℓ,n(YU ).
Lemma 3.24. The canonical restriction morphism of Construction 3.23
RLocSysℓ,n,Γ(X)→ RLocSysℓ,n(YU )
induces an equivalence
RLocSysℓ,n,Γ(X) ≃ RLocSysℓ,n
(
Shét(YU )
)BΓ′
of stacks.
Proof. By Galois descent, the restriction morphism along fU : YU → X induces an equivalence of stacks
RLocSysℓ,n(X) ≃ RLocSysℓ,n(YU )
BΓ′ .
Moreover, the considerations of Construction 3.23 imply that we have a pullback square
(3.12)
RLocSysℓ,n,Γ(X) RLocSysℓ,n(X)
RLocSysℓ,n
(
Shtame(YU )
)
RLocSysℓ,n(YU )
in the∞-category dSt
(
dAfdQℓ , τét
)
. The result now follows since we can identify (3.12) with
RLocSysℓ,n
(
Shtame(YU )
)BΓ′
RLocSysℓ,n(YU )
BΓ′
RLocSysℓ,n
(
Shtame(YU )
)
RLocSysℓ,n(YU )
in the∞-category dSt
(
dAfdQℓ , τét
)
. 
Theorem 3.25. The (derived) moduli stackRLocSysℓ,n,Γ(X) is representable by a derived Qℓ-analytic stack.
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Proof. Thanks to [29, Theorem 7.1] we need to check that the functor RLocSysℓ,n,Γ(X) has representable 0-
truncation, it admits a (global) cotangent complex and it is compatible with Postnikov towers. The representability of
t0(RLocSysℓ,n,Γ(X)) ≃ LocSysℓ,n,Γ(X) follows fromTheorem 2.42. Proposition 3.22 implies thatRLocSysℓ,n,Γ(X)
admits a global tangent complex. Moreover, by finiteness of ℓ-adic cohomology for smooth varieties in characteristic
p 6= ℓ, [25, Theorem 19.1] together with [1, Proposition 3.1.7] for each ρ ∈ RLocSysℓ,n,Γ(X)(Z), the tangent
complex at ρ
TRLocSysℓ,n,Γ(X),ρ ≃ C
∗
ét
(
X,Ad(ρ)
)
[1] ∈ModΓ(Z)
is a dualizable object of the derived∞-categoryModΓ(Z). Thanks to Lemma 3.24 we deduce that the existence of a
cotangent complex is equivalent to the existence of a global cotangent complex for the derived moduli stack
RLocSysℓ,n
(
Shtame(YU )
)
∈ dSt
(
AfdQℓ , τét
)
.
We are thus reduced to show that Shtame(Y ) ∈ Pro(Sfc) is cohomologically perfect and cohomologically compact,
see [1, Definition 4.2.7] and [1, Definition 4.3.17] for the definitions of these notions. As YU is a smooth scheme
over a field of characteristic p 6= ℓ, cohomologically perfectness of Shtame(YU ) follows by finiteness of étale coho-
mology with ℓ-adic coefficients, [25, Theorem 19.1] together with [1, Proposition 3.1.7]. To show that Shtame(Y ) is
cohomologically compact we pick a torsion Zℓ-moduleN which can be written as a filtered colimitN ≃ colimαNα
of perfect Zℓ-modules. As the tame fundamental group is topologically of finite type and for each i > 0, the stable
homotopy groups πi
(
Shtame(YU )
)st
are finitely presented the result follows. For these reasons, the derived moduli
stackRLocSysℓ,n
(
Shtame(YU )
)
admits a glocal cotangent complex. Lemma 3.24 implies now that the same is true
for RLocSysℓ,n,Γ(X). Compatibility with Postnikov towers of RLocSysℓ,n,Γ(X) follows from the fact that the
latter moduli is defined as a pullback of stacks compatible with Postnikov towers. 
4. COMPARISON STATEMENTS
4.1. Comparison with Mazur’s deformation functor. Let L be a finite extension of Qℓ, OL its ring of integers and
l := L/mL its residue field. We denote CAlg
sm
/l the∞-category of derived small k-algebras augmented over l.
Let G be a profinite group and ρ : G → GLn(L) a continuous ℓ-adic representation of G. Up to conjugation, ρ
factors throughGLn(L) ⊆ GLn(L) and we can consider its corresponding residual continuous l-representation
ρ : G→ GLn(l).
The representation ρ can the be obtained as the inverse limit of {ρn : G → GLn(OL/m
n+1
L )}n, where each ρn ≃
ρ mod mn+1. For each n ≥ 0, ρn is a deformation of the residual representation ρ to the ring OL/m
n+1
L . Therefore,
in order to understand continuous representations ρ : G → GLn(L) one might hope to understand residual represen-
tations ρ : G → GLn(l) together with their corresponding deformation theory. For this reason, it is reasonable to
consider the corresponding derived formal moduli problem, see [23, Definition 12.1.3.1], associated to ρ:
Defρ : CAlg
sm
/l → S,
given informally via the formula
(4.1) A ∈ CAlgsm/l 7→ MapInd(Pro(S)) (BG,BEnd(A)) ×MapInd(Pro(S))(BG,BEnd(A)) {ρ} ∈ S.
Construction 4.1. [1, Proposition 4.2.6] and its proof imply that one has an equivalence between the tangent complex
of Defρ and the complex of continuous cochains of Ad(ρ)
(4.2) TDefρ ≃ C
∗
cont (G,Ad(ρ)) [1]
in the∞-categoryModl. Replacing BG in (4.1) by étale homotopy type of X , Sh
ét(X), and C∗cont by C
∗
ét in (4.2) it
follows by [25, Theorem 19.1] together with [21, Theorem 6.2.5] thatDefρ is pro-representable by a local Noetherian
derived ring Aρ ∈ CAlg/l whose residue field is equivalent to l. Moreover, Aρ is complete with respect to the
augmentation ideal mAρ (defined as the kernel of the homomorphism π0 (Aρ)→ k of ordinary rings). It follows that
Aρ admits a natural structure of a derivedW (l)-algebra, whereW (l) denotes the ring of Witt vector of l. As ρ admits
deformations to OL, for e.g. ρ itself, we have that ℓ 6= 0 in π0(Aρ).
Notation 4.2. Denote by Lunr := Frac (W (l)) the field of fractions ofW (l). It corresponds to the maximal unrami-
fied extension of Qℓ contained in L.
Proposition 4.3. Let t≤0 (Defρ) denote the 0-truncation of the derived formal moduli problem Defρ, i.e. the re-
striction of Defρ to the full subcategory of ordinary Artinian rings augmented over l, CAlg
sm,♥
/l ⊆ CAlg
sm
/l . Then
t≤0 (Defρ) is equivalent to Mazur’s deformation functor introduced in [24, Section 1.2] and π0(Aρ) is equivalent to
Mazur’s universal deformation ring.
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Proof. Given R ∈ CAlgsm,♥/l ⊆ CAlg
sm
/l an ordinary (Artinian) local l-algebra, the object BEnd(R) ∈ Ind(Pro(S))
is 1-truncated. Therefore one has a natural equivalence of spaces
(4.3) t0 (Defρ) (R) ≃ MapInd(Pro(S))
(
Bπét1 (X),BEnd(A)
)
×Defρ(k) {ρ}.
By construction, the ordinary W (l)-algebra π0(Aρ) pro-represents the functor t0 (Defρ) : CAlg
sm,♥
/l → S. As a
consequence, the mapping space on the right hand side of (4.3) is 0-truncated and the set of R-points corresponds
to deformations of ρ valued in R. This is precisely Mazur’s deformation functor, as introduced in [24, Section 1.2],
concluding the proof. 
4.2. Comparison with S. Galatius, A. Venkatesh derived deformation ring. In the case where X corresponds to
the spectrum of a maximal unramified extension, outside a finite set S of primes, of a number field L and ρ : GX →
GLn(K) is a continuous representation, the corresponding derivedW (k)-algebra was first introduced and extensively
studied in [10].
4.3. Comparison with G. Chenevier moduli of pseudo-representations. In this section we will compare our de-
rived moduli stackRLocSysℓ,n(X) with the construction of the moduli of pseudo-representations introduced in [6].
We prove thatRLocSysℓ,n(X) admits an admissible analytic substack which is a disjoint union of the variousDefρ.
Such disjoint union of deformation functors admits a canonical map to the moduli of pseudo-representations of intro-
duced in [6]. Such morphism of derived stacks is obtained as the composite of the 0-truncation functor followed by
the morphism which associates to a continuous representation ρ its corresponding pseudo-representation, see [6, Def-
inition 1.5]. Nevertheless, the derived moduli stackRLocSysℓ,n(X) has more points in general, and we will provide
a typical example in order to illustrate this phenomena.
Proposition 4.4. Let ρ : πét1 (X) → GLn(Fℓ) be a continuous residual ℓ-adic representation. To ρ we can attach
a derived Qℓ-analytic space Def
rig
ρ ∈ dAnQℓ for which every closed point ρ : SpL → Def
rig
ρ is equivalent to a
continuous deformation of ρ over L.
Proof. Denote by dfSchW (l) the ∞-category of derived formal schemes overW (l), introduced in [23, section 2.8].
The local Noetherian derivedW (l)-algebraAρ is complete with respect to its maximal idealmAρ . For this reason, we
can consider its associated derived formal scheme Spf Aρ ∈ dfSchW (l).
Let A ∈ CAlgW (l) denote an admissible derivedW (l)-algebra, see [2, Definition 3.1.1]. We have an equivalence
of mapping spaces
MapdfSchW (l) (Spf A, Spf Aρ) ≃ MapCAlgadW (l)
(Aρ, A) .
Notice that asA is a ℓ-complete topological almost of finite type overW (k), the image of each t ∈ mAρ is necessarily
a topological nilpotent element of the ordinary commutative ring π0(A). Let m ⊆ π0(A) denote a maximal ideal of
π0(A) and let (A)
∧
m
denote the m-completion of A. There exists a faithfully flat morphism of derived adic W (k)-
algebra
A→ A′ :=
∏
m⊆π0(A)
(A)
∧
m
where the product is labeled by the set of maximal ideals of π0(A). By fppf descent we have an equivalence of
mapping spaces
(4.1) MapCAlgad
W (k)
(Aρ, A) ≃ lim
[n]∈∆op
MapCAlgad
W (k)
(
Aρ, A
′
[n]
)
where A′[n] := A
′⊗̂A . . . ⊗̂AA
′ denotes the n+ 1-tensor fold of A′ with itself over A computed in the∞-category of
derived adicW (k)-algebras CAlgadW (k). For a fixed [n] ∈∆
op we an equivalence of spaces
MapCAlgad
W (k)
(
Aρ, A
′
[n]
)
≃ Defρ
(
A′[n]
)
.
For each [n] ∈∆op we obtain thus a natural inclusion morphism θ[n] : MapCAlgad
W (k)
(
Aρ, A
′
[n]
)
→ RLocSysℓ,n(X)(A
′
[n]).
The θ[n] assemble together and by fppf descent induce amorphism θ : MapCAlgad
W (k)
(Aρ, A)→ RLocSysℓ,n(X)(A).
By construction, θ induces a natural map of mapping spaces
MapCAlgad
W (k)
(Aρ, A)→
∏
m⊆π0(A)
(
RLocSysℓ,n(X)(A) ×Defρ(A∧m) RLocSysℓ,n(X)(A
∧
m
)
)
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which is equivalence of spaces. In order words Spf Aρ represents the moduli functor which assigns to each affine
derived formal scheme Spf A, overW (l), the space of continuous representations ρ : Shét(X)→ BGLn(A) such that
for each maximal ideal m ⊆ π0(A) the induced representation
(ρ)
∧
m
: Shét(X)→ BGLn ((A
∧
m
))
is a deformation of ρ : Shét(X) → BGLn(k). The formal spectrum Spf Aρ is locally admissible, see [2, Definition
3.1.1]. We can thus consider its rigidificiation introduced in [2, Proposition 3.1.2] which we denote by Defrigρ :=
(Spf Aρ)
rig
∈ dAnQℓ . Notice that Def
rig
ρ is not necessarily derived affinoid.
Let Z ∈ dAfdQℓ , [2, Corollary 4.4.13] implies that any given morphism f : Z → (Spf Aρ)
rig in dAnQℓ admits
necessarily a formal model, i.e., it is equivalent to the rigidification of a morphism
f : Spf A→ Spf Aρ,
where A ∈ CAlgadW (k) is a suitable admissible derived W (l)-algebra. The proof now follows from our previous
discussion. 
The proof of Proposition 4.4 provides us with a canonicalmorphism of derivedmoduli stacksDefrigρ → LocSysℓ,n(X).
Therefore, passing to the colimit over all continuous representations
ρ : πét1 (X)→ GLn(Fℓ)
provides us with a morphism
(4.2) θ :
∐
ρ
Defrigρ → RLocSysℓ,n(X)
in the∞-category dSt(dAfdQℓ , τét).
Proposition 4.5. The morphism of derived Qℓ-analytic stacks
θ :
∐
ρ : πét1(X)→GLn(Q¯ℓ)
Defrigρ → LocSysℓ,n(G)
displayed in (4.2) exhibits the left hand side as an analytic subdomain of the right hand side.
Proof. Let ρ : πét1 (X)→ GLn(Fℓ) be a continuous representation. The induced morphism
θρ : Def
rig
ρ → RLocSysℓ,n(X)
is an étale morphism of derived stacks, which follows by noticing that θρ induces an equivalence at the level of
tangent complexes. Moreover, Proposition 4.4 implies that θρ : Def
rig
ρ → RLocSysℓ,n(X) exhibits the former as a
substack of the latter. It then follows that the morphism is locally an admissible subdomain inclusion. The result now
follows. 
Proposition 4.5 implies thatRLocSysℓ,n(X) admits as an analytic subdomain the disjoint union of those derived
Qℓ-analytic spacesDef
rig
ρ . One could then ask if θ is itself an epimorphism of stacks and thus an equivalence of such.
However, this is not the case in general as the following example illustrates:
Example 4.6. Let G = Zℓ with its additive structure and let A = Qℓ〈T 〉 be the (classical) Tate Qℓ-algebra on one
generator. Consider the following continuous representation
ρ : G→ GL2(Qℓ〈T 〉),
given by
1 7→
[
1 T
0 1
]
.
It follows that ρ is a Qℓ〈T 〉-point of LocSysℓ,n(Zℓ) but it does not belongs to the image of the disjoint union Def
rig
ρ
as ρ cannot be factored as a point belonging to the interior of the closed unit disk Sp (Qℓ〈T 〉).
Remark 4.7. As Example 4.6 suggests, when n = 2 the derived moduli stack RLocSysℓ,n(X) does admit more
points than those that come from deformations of its closed points. However, we do not know ifRLocSysℓ,n can be
written as a disjoint union of the closures of Defrigρ in LocSysℓ,n(X). However, when n = 1 the analytic subdomain
morphism θ is an equivalence in the∞-category dSt
(
dAfdQℓ , τét
)
.
16
5. SHIFTED SYMPLECTIC STRUCTURE ON RLocSysℓ,n(X)
LetX be a smooth and proper scheme over an algebraically closed field of positive characteristic p > 0. Poincaré
duality provide us with a canonical map
ϕ : C∗ét (X,Qℓ)⊗Qℓ C
∗
ét (X,Qℓ)→ Qℓ[−2d]
in the derived∞-categoryModQℓ is non-degenerate, i.e., it induces an equivalence of derived Qℓ-modules
(5.1) C∗ét (X,Qℓ)→ C
∗
ét (X,Qℓ)
∨
[−2d],
in ModQℓ . As we have seen in the previous section, we can identify the left hand side of (5) with a (shit) of the
tangent space ofRLocSysℓ,n(X) at the trivial representation. Moreover, the equivalence holds if we consider étale
(co)chainswith more general coefficients. The case that interest us is taking étale cohomologywithAd(ρ)-coefficients
for a continuous representation ρ : πét1 (X) → GLn(A), with A ∈ AfdQℓ . Let ρ ∈ RLocSysℓ,n(X)(Z), we can
regard ρ as a dualizable object of the symmetric monoidal∞-categoryPerfadℓ (X) := FunECat∞
(
Shét(X),Perf(A)
)
.
Let ρ∨ denote a dual for ρ. By definition of dualizable objects, we have a canonical trace map
trρ : ρ⊗ ρ
∨ → 1Perfad
ℓ
(X)
in the∞-category Perfadℓ (X) and 1Perfad
ℓ
(X) denotes the unit object of the latter∞-category. Therefore, passing to
mapping spaces, we obtain a natural composite
MapPerfad
ℓ
(X) (1,Ad(ρ))⊗MapPerfad
ℓ
(X) (1,Ad(ρ))
mult
−−−→ MapPerfad
ℓ
(X) (1,Ad(ρ))(5.2)
trρ
−−→ MapPerfad
ℓ
(X) (1, 1)(5.3)
in the∞-categoryModΓ(Z). By identifying the above with étale cohomology coefficients with coefficients we obtain
a non-degenerate bilinear form
(5.4) C∗ét
(
X,Ad(ρ)
)
[1]⊗ C∗ét(X,Ad(ρ)
)
[1]→ C∗ét
(
X,Ad(ρ)
)
[2]
trρ
−−→ C∗ét
(
X,Γ(Z)
)
[2− 2d]
in the ∞-category ModΓ(Z). Moreover, this non-degenerate bilinear form can be interpreted as a Poincaré duality
statement with Ad(ρ)-coefficients.
Our goal in this §is to construct a shifted symplectic form ω onRLocSysℓ,n(X) in such a way that its underlying
bilinear form coincides precisely with the composite (5.4). We will also analyze some of its consequences. Before
continuing our treatment we will state a Qℓ-analytic version of the derived HKR theorem, first proved in the context
of derived algebraica geometry in [31].
Theorem 5.1 (Analytic HKR Theorem). Let k denote either the field of complex numbers or a non-archimedean
field of characteristic 0 with a non-trivial valuation. Let X ∈ dAnk be a derived k-analytic space. Then there is an
equivalence of derived analytic spaces
X ×X×X X ≃ TX [−1],
compatible with the projection toX .
The proof of Theorem 5.1 is a work in progress together with F. Petit and M. Porta, which the author hopes to
include in his PhD thesis.
5.1. Shifted symplectic structures. In this §we fix X a smooth scheme over an algebraically closed field k of
positive characteristic p.
In [32] the author proved the existence of shifted symplectic structures on certain derived algebraic stacks which
cannot be presented as certain mapping stacks. As RLocSysℓ,n(X) cannot be presented as usual analytic mapping
stack, we will need to apply the results of [32] to construct the desired shifted sympletic structure onRLocSysℓ,n(X).
Definition 5.2. Consider the canonical inclusion functor ι : dSt (dAfdQℓ , τét, Psm) ⊆ Fun (dAfdQℓ , S). The functor ι
admits a left adjoint whichwe refer to as the stackification functor (−)st : Fun (dAfdQℓ , S)→ dSt (dAfdQℓ , τét, Psm).
Definition 5.3. Consider the functorPerfSysfℓ : dAfdQℓ → S which is defined via the assignment
Z ∈ dAfdopQℓ 7→ MapECat∞
(
Shét(X),Perf
(
Γ(Z)
))
∈ S
where we designate Perf
(
Γ(Z)
)
to be the Ind(Pro(S))-enriched ∞-category of perfect Γ(Z)-modules, which is
equivalent to the subcategory of dualizable objects in the ∞-category of Tate modules on Γ(Z), ModTateΓ(Z), [?]. We
define the moduli stack PerfSysℓ ∈ dSt (dAfdQℓ , τét, ) as the stackyfication ofPerfSys
f
ℓ .
17
Remark 5.4. This is an example of a moduli stack which cannot be presented as a usual mapping stack, instead one
should think of it as an example of a continuous mapping stack.
Notation 5.5. We will denote Cat⊗∞ the∞-category of (small) symmetric monoidal∞-categories.
Definition 5.6. Let C ∈ Cat⊗∞ be a symmetric monoidal∞-category. We say that C is a rigid symmetric monoidal
∞-category if every object C ∈ C is dualizable.
Notation 5.7. We denote by Catst,ω,⊗∞ the∞-category of small rigid symmetric monoidal∞-categories.
Consider the usual inclusion of∞-categories S →֒ Cat∞, it admits a right adjoint, denoted
(−)≃ : Cat∞ → S
which we refer as the underlying∞-groupoid functor. Given C ∈ Cat∞ its underlying∞-groupoid C≃ ∈ S consists
of the maximal subgroupoid of C, i.e., the subcategory spanned by equivalences in C.
Lemma 5.8. There exists a valued Catst,ω,⊗∞ -valued pre-sheaf
Perfadℓ (X) : dAfdQℓ → Cat∞
given on objects by the formula
Z ∈ dAfdQℓ 7→ FunECat∞
(
X,Perf
(
Γ(Z)
))
.
Moreover, the underlying derived stack (−)≃ ◦Perfadℓ (X) ∈ dSt
(
AfdQℓ , τét
)
is naturally equivalent to derived stack
PerfSysℓ ∈ dSt (dAfdQℓ , τét).
Proof. The construction of Perfadℓ (X) is already provided in [1, Definition 4.3.11]. Moreover, it follows directly
from the definitions that
(
Perfadℓ (X)
)≃
≃ PerfSysℓ(X). 
Lemma 5.8 is useful because it place us in the situation of [32, §3]. Therefore, we can run the main argument
presented in [32, §3]. Before doing so, we will need to introduce some more ingredients:
Definition 5.9. Let H
(
Perfadℓ (X)
)
: dAfdopQℓ → S denotes the sheaf defined on objects via the formula
Z ∈ dAfdopQℓ 7→ MapPerfad
ℓ
(X)
(
Γ(Z)
) (1, 1) ∈ S,
where 1 ∈ Perfadℓ (X)(Γ(Z)) denotes the unit of the corresponding symmetric monoidal structure on Perf
ad
ℓ (Γ(Z)).
Definition 5.10. Let O : dAfdopQℓ → CAlgQℓ denote the sheaf on (AfdQℓ , τét) given on objects by the formula
Z ∈ dAfdopQℓ 7→ Γ (Z) ∈ CAlgQℓ .
Construction 5.11. One is able to define a pre-orientation, in the sense of [32, Definition 3.3], on the Catst,ω,⊗∞ -value
stack Perfadℓ (X)
θ : H
(
Perfadℓ (X)
)
→ O[−2d],
as follows: let Z ∈ dAfdQℓ be a derived Qℓ-affinoid space. We have a canonical equivalence in the ∞-category
ModΓ(Z)
(5.1) βΓ(Z) : MapPerfad
ℓ
(X)(Γ(Z)) (1, 1) ≃ C
∗
ét (X,Γ(Z)) ,
by the very construction of Perfadℓ
(
Γ(Z)
)
. Moreover, the projection formula for étale cohomology produces a canon-
ical equivalence
C∗et (X,Γ(Z)) ≃ C
∗
et (X,Qℓ)⊗Qℓ Γ(Z)
in the∞-categoryModQℓ . As X is a connected smooth scheme of dimension d over an algebraically closed field we
have a canonical map on cohomology groups
α : Qℓ ≃ H
0 (Xét,Qℓ)⊗H
2d (Xét,Qℓ)→ Qℓ
which is induced by Poincaré duality. Consequently, the morphism α induces, up to contractible indeterminacy, a
canonical morphism
(5.2) C∗ét(X,Qℓ)→ Qℓ[−2d].
in the∞-categoryModQℓ . (5.1) together with base change of (5.2) along the morphismQℓ → Γ(Z) provides us with
a natural morphism
MapPerfad
ℓ
(X)(Γ(Z)) (1, 1)→ Γ(Z)[−2d].
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By naturality of the previous constructions, we obtain a morphism pre-orientation
θ : H
(
Perfadℓ (X)
)
→ O[−2d],
which corresponds to the desired orientation.
Given Z ∈ dAfdQℓ , the∞-category Perf
ad
ℓ
(
Γ(Z)
)
is rigid. Thus for a given object ρ ∈ Perfadℓ
(
Γ(Z)
)
we have a
canonical trace map
trρ : Ad (ρ)→ 1.
which together with the symmetric monoidal structure provide us with a composite of the form
MapPerfad
ℓ
(X)(Γ(Z)) (1,Ad(ρ))⊗MapPerfad
ℓ
(X)(Γ(Z)) (1,Ad(ρ))→MapPerfad
ℓ
(X)(Γ(Z)) (1,Ad(ρ)⊗Ad(ρ))
(5.3)
→ MapPerfad
ℓ
(X)(Γ(Z)) (1,Ad(ρ))→MapPerfad
ℓ
(X)(Γ(Z) (1, 1)→ Γ(Z)[−2d](5.4)
which we can right equivalently as a morphism
C∗ét (X,Ad(ρ))⊗ C
∗
ét (X,Ad(ρ))→ Γ(Z)[2− 2d],
which by our construction coincides with the base change along Qℓ → Γ(Z) of the usual pairing given by Poincaré
Duality.
Lemma 5.12. Let Z ∈ dAfdQℓ be a derived Qℓ-affinoid space. The pairing of Construction 5.11
MapPerfad
ℓ
(X)(Γ(Z) (1,Ad(ρ))⊗MapPerfad
ℓ
(X)(Γ(Z)) (1,Ad(ρ))→ Γ(Z)[−2d]
is non-degenerate. In particular, the pre-orientation θ : H
(
Perfadℓ (X)
)
→ O[−2d] is an orientation, see [32, Defi-
nition 3.4] for the latter notion.
Proof. Let ρ ∈ PerfSysℓ(X)(OZ) be an arbitrary continuous representation with OZ -coefficients. We wish to prove
that the natural mapping
MapPerfad
ℓ
(X)(Γ(Z) (1,Ad(ρ))⊗MapPerfad
ℓ
(X)(Γ(Z)) (1,Ad(ρ))→ Γ(Z)[−2d]
is non-degenerate. As Z lives over Qℓ and p 6= ℓ it follows that ρ ∈ PerfSysℓ,Γ(X) for a sufficiently large finite
quotient q : πw1 (X)→ Γ. It then follows by [1, Proposition 4.3.19] together with Lemma 3.24 that ρ can be realized
as the BΓ-fixed points of a given ρ˜ : Shtame(Y ) → BGLn(A0), where Y → X is a suitable étale covering and
A0 ∈ CAlg
ad
k◦ is an admissible derived Zℓ-algebra such that(
Spf A0
)rig
≃ Z,
in the ∞-category dAfdQℓ . We notice that it suffices then to show the statement for the residual representation
ρ0 : Sh
tame(Y )→ BGLn(A0/ℓ), where A0/ℓ denotes the pushout
A0[t] A0
A0 A0/ℓ
t7→ℓ
t7→0
computed in the ∞-category CAlgadk◦ . We can write A0/ℓ as a filtered colimit of free Fℓ-algebras Fℓ[T0, . . . , Tm],
where the Ti sit in homological degree 0. As Sh
tame(Y ) is cohomological compact we reduce ourselves to prove the
statement by replacing ρ0 with a continuous representation with values in some polynomial algebra Fℓ[T0, . . . , Tm].
The latter is a flat module over Fℓ. Therefore, thanks to Lazard’s theorem [18, Theorem 8.2.2.15] we can further
reduce ourselves to the case where ρ0 is valued in a finite Fℓ-module. The result now follows by the Construction 5.11
together with the projection formula for étale cohomology and Poincaré duality for étale cohomology. 
As a corollary of [32, Theorem 3.7] one obtains the following important result:
Theorem 5.13. The derived moduli stack PerfSysℓ(X) ∈ dSt (dAfdQℓ , τét) admits a canonical shifted symplectic
structureω ∈ HC
(
PerfSysℓ(X)
)
, where the latter denotes cyclic homology of the derived moduli stackPerfSysℓ(X).
Moreover, given Z ∈ dAfdQℓ and ρ ∈ PerfSysℓ
(
Γ(Z)
)
, the shifted symplectic structure ω on PerfSysℓ(X) is in-
duced by étale Poincaré duality
C∗ét (X,Ad(ρ)) [1]⊗ C
∗
ét (X,Ad(ρ)) [1]→ Γ(Z)[2 − 2d].
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Proof. This is a direct consequence of our previous discussion together with the argument used in [32, Theorem
3.7]. 
5.2. Applications. Consider the canonical inclusion ι : RLocSysℓ,n(X) →֒ PerfSysℓ(X). Pullback along the
morphism ι on cyclic homology induces a well defined, up to contractible indeterminacy, morphism
ι∗ : HC
(
PerfSysℓ(X)
)
→ HC
(
RLocSysℓ,n(X)
)
.
We then obtain a canonical closed form ι∗(ω) ∈ HC
(
RLocSysℓ,n(X)
)
. Moreover, as ι induces an equivalence
on tangent complexes, the closed form ι∗(ω) ∈ HC
(
RLocSysℓ,n(X)
)
is non-degenerate, thus a 2 − 2d-shifted
symplectic form. Similarly, given a finite quotient q : πw1 (X) → Γ, we obtain a 2 − 2d-shifted symplectic form on
the derived Qℓ-analytic stack RLocSysℓ,n,Γ(X). The existence of the sifted symplectic form entails the following
interesting result:
Definition 5.14. Let LRLocSysℓ,n(X) denote the cotangent complex of the derived moduli stack RLocSysℓ,n(X).
We will denote by
C∗dR
(
RLocSysℓ,n(X)
)
:= Sym∗
(
LRLocSysℓ,n(X)
)
∈ Coh+
(
RLocSysℓ,n(X)
)
Remark 5.15. Notice that C∗dR
(
RLocSysℓ,n(X)
)
admits, by construction, a natural mixed algebra structure. How-
ever, we will be mainly interested in the corresponding ”plain module” and E∞-algebra structures underlying the
given mixed algebra structure on C∗dR
(
RLocSysℓ,n(X)
)
.
Proposition 5.16. Let X be a proper and smooth scheme over an algebraically closed field of positive characteristic
p > 0. We then have a well defined canonical morphism
C∗dR
(
BGLann
)
⊗ C∗ét
(
X,Qℓ
)∨
→ C∗dR
(
RLocSysℓ,n(X)
)
Proof. Let ρ ∈ PerfSysℓ(X) be a continuous representation. We have a canonical morphism
BEnd(ρ)→ BEnd
(
ρ(∗)
)
in the ∞-category S, where ρ(∗) denotes the module underlying ρ. This association induces a well defined, up to
contractible indeterminacy, morphism
PerfSysℓ(X)→ Perf
an,
where Perfan ∈ dSt
(
dAfdQℓ , τét
)
denotes the analytification of the algebraic stack of perfect complexes, Perf.
Therefore, we obtain a canonical morphism
(5.1) f∗ : HC
(
Perfan
)
⊗H
(
Perfan
)
→ HC
(
PerfSysℓ(X)
)
⊗H
(
PerfSysℓ(X)
)
in the∞-categoryModQℓ , where H
(
Perfan
)
:= MapPerf(Qℓ)
(
Qℓ,Qℓ
)
≃ Qℓ and H
(
PerfSysℓ(X)
)
≃ C∗ét(X,Qℓ).
Thus we can rewrite (5.1) simply as
(5.2) f∗ : HC
(
Perfan
)
→ HC
(
PerfSysℓ(X)
)
⊗ C∗ét(X,Qℓ).
As étale cohomologyC∗ét(X,Qℓ) ∈ModQℓ is a perfect module we can dualize (5.2) to obtain a canonical morphism
f∗ : HC
(
Perfan
)
⊗ C∗ét(X,Qℓ)→ HC
(
PerfSysℓ(X)
)
.
in the∞-categoryModQℓ . Consider now the commutative diagram
RLocSysℓ,n(X) BGL
an
n
PerfSysℓ(X) Perf
an
j
in the∞-category dSt
(
dAfdQℓ , τét
)
. Then we have a commutative diagram at the level of loop stacks
Map
(
S1,RLocSysℓ,n(X)
)
Map
(
S1,BGLann
)
Map
(
S1,PerfSysℓ(X)
)
Map
(
S1,Perfan
)
.
i
j
By taking global sections in the above diagram we conclude that the composite
f∗ ◦ i!
(
OBGLann
)
≃ f∗ ◦ i!OMap(S1,BGLann )
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has support inMap
(
S1,RLocSysℓ,n(X)
)
→֒ Map
(
S1,PerfSysℓ(X)
)
. Therefore, we can factor the composite
HH
(
BGLann
)
⊗ C∗ét(X,Qℓ)
∨ → HH
(
Perfan
)
⊗ C∗ét(X,Qℓ)
∨ → HH
(
PerfSysℓ(X)
)
as a morphism
HH
(
BGLann
)
⊗ C∗ét(X,Qℓ)
∨ → HH
(
RLocSysℓ,n(X)
)
in the∞-categoryModQℓ . The analytic HKR theorem then provide us with the desired morphism
C∗dR
(
BGLann
)
⊗ C∗ét
(
X,Qℓ
)∨
→ C∗dR
(
RLocSysℓ,n(X)
)
in the∞-categoryModQℓ . 
Remark 5.17. A type GAGA theorem for reductive groups together with a theorem of B. Totaro, see [33, Theorem
10.2], that the de Rham cohomology of the classifying stackGLann coincides with ℓ-adic cohomology
C∗dR
(
BGLann
)
≃ C∗dR
(
BGLtopn
)
in the ∞-category ModQℓ , where BGL
top
n denotes the topological classifying stack associated to the general linear
groupGLn. In particular, we obtain a morphism
C∗ét
(
BGLn,Qℓ
)
⊗ C∗ét
(
X,Qℓ
)
→ C∗dR
(
RLocSysℓ,n(X)
)
.
in the ∞-category ModQℓ . As C
∗
dR
(
RLocSysℓ,n(X)
)
admits a natural E∞-algebra structure we obtain, by the
universal property of the Sym construction, a well defined morphism
(5.3) Sym
(
C∗ét
(
BGLn,Qℓ
)
⊗ C∗ét
(
X,Qℓ
))
→ C∗dR
(
RLocSysℓ,n(X)
)
.
in the∞-category CAlgQℓ . Assuming further that X is a proper and smooth curve over an algebraically closed field,
an ℓ-adic version of Atiyah-Bott theorem proved in [15] implies that we can identify the left hand side of (5.3) with a
morphism
C∗ét (BunGLn(X),Qℓ)→ C
∗
dR
(
RLocSysℓ,n(X)
)
in the∞-category CAlgQℓ .
As a corollary we obtain:
Corollary 5.18. Let X be a smooth scheme over an algebraically closed field of positive characteristic p > 0. We
have a canonical morphism
ϕ : C∗ét
(
BGLn,Qℓ
)
⊗ C∗ét
(
X,Qℓ
)∨
→ C∗dR
(
RLocSysℓ,n(X)
)
in the∞-category CAlgQℓ . Moreover, assuming further thatX is also a proper curve we obtain a canonical morphism
C∗ét
(
BunGLn
(
X
)
,Qℓ
)
→ C∗dR
(
RLocSysℓ,n(X)
)
in the∞-category CAlgQℓ .
Remark 5.19. By forgetting the mixed k-algebra structure on C∗dR
(
RLocSysℓ,n(X)
)
one can prove that the mo-
prhism ϕ sends the product of the canonical classes on C∗ét
(
BGLn,Qℓ
)
⊗C∗ét(X,Qℓ)
∨ to the underlying cohomology
class of the shifted symplectic form ω onRLocSysℓ,n(X).
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